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By the well known theorem of Barth-Lefschetz for complex projective 
space Y = P r one has 

H q (Y, X ; C) = 0 for q < 2n — r + 1 


for any n-dimensional submanifold X C Y. This was proved first by Barth 
|3j] generalizing a theorem of Lefschetz on hypersurfaces X. Using Le 
Potier’s vanishing theorem |LP| a new proof was given in a joint paper 
with Schneider . That article contains also references to further proofs 


of the theorem. Using the same arguments as in fSZ| , Debarre 0 was able 
to show that the theorem of Barth-Lefschetz holds for abelian varieties Y 
as well, assuming that the normal bundle of X in Y is ample.Q 


The idea behind this paper was to study the more general situation of 
a submanifold X in a smooth projective toric variety Y. Giving up P r 
as ambient space, which is very special indeed, one needs some additional 
assumptions on the submanifold X. One requirement is that the normal 
bundle of X in Y is ample, which is always true if Y = P r . Besides that, 
the submanifold should meet the boundary of Y transversally, which again 
can be achieved in P r using the homogeneity of projective space. 

1 In fact, this is a special case of a result on submanifolds of projective homogeneous 
manifolds which has been proved earlier by Sommese ft~|| using different methods. 
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For an arbitrary such submanifold X in Y one cannot expect that the 
result of Barth-Lefschetz still holds. In theorem 1C a precise toric charac¬ 
terization is given in which cases it does. The main theorem [lO] settles the 
general case. It gives a formula for all Hodge numbers hP' q (X ) for any such 
submanifold X in the Barth-Lefschetz range p + q < 2 n — r. 


Lemma 1 Let 0 —> F —* Eq —s > ... —i► E k —s► 0 be an exact sequence of 

sheaves on a scheme Z . Let q > 0 and assume 

H q ~\Z,Ei ) = H q ~ i ~ 1 (Z, Ef) =0 for 0 < i < k - 1. 

Then 

H q (Z, F) ^ H q ~ k {Z,E k ). 


Proof. By induction on k and cutting the sequence into two pieces. □ 

Let Y denote a smooth projective toric variety of dimension r > 0, given 
by a fan A in some lattice N = Z r . The dual lattice to N will be called 
M. Each cone o £ A corresponds to precisely one orbit of the action of 
Tjv = (C*) r on Y. The closure of this orbit is denoted by V(a). It is again 
a smooth projective toric subvariety of codimension equal to the dimension 
of a. Put 

A (i) := {a G A : dimer = *}. 

For each 0 < i < r the set A(i) is finite because Y is compact. Since Y is 
smooth, Ishida’s complex of degree p 

0-4 Of- ^K°(Y-p) -> ... ^/C p (T;p) -4 0 

is exact for p = 0,..., r, where 

p-j 

V{Y-p)= 0 Orw^AfMna 1 ). 

o-gA (j) 

Note that M n a 1 is a free Z-module of rank r — j. 

Let A be a submanifold of Y of dimension n with ample normal bundle 
Jfx/Y- We assume X to be in general position. This is made precise in the 
following definition. 
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Definition 2 We say that X C Y is A -transversal if for all a € A (k) with 
1 < k < n the intersection of X with V(a) is either empty or transversal, 
and if it is empty for k > n. 

From now on we will assume that X is A-transversal. In particular this 
implies that X n V(a) is smooth, if it is not empty, and 

Nx/y\X fl V(a) = Af x rv(?)/v(cr) 

is ample with rk Af x / Y \X D V(a) = rk Af XnV {< j)/v(<t)- 

We will need the following vanishing theorem due to Le Potier. 

Theorem 3 (Le Potier) Let Z be a smooth projective manifold of dimension 
m and E an ample vector bundle of rank s on Z. Then 

H q (Z, Li p z <g> E*) = 0 for p + q < m — s. 

In particular by what we said above, for all a € A (?) one has 
H q {X fl V(a),J\fx nV{cT )/v(a)) = 0 for q<2n-r- i. 

We will use this to prove a vanishing theorem for symmetric powers of 
the conormal bundle J^x/y 

Theorem 4 Let X be a A -transversal submanifold ofY with ample normal 
bundle Af x /y Then for all k > 1 

H q (X, S k M* x/Y ) = 0 for q <2n — r. 

Note that if X is a hypersurface in Y then the theorem is true even 
without any condition on the position of X. This follows immediately from 
Kodaira’s vanishing theorem. 

Proof. Since S k+1 Af x , Y is a direct summand of S k Af x , Y <8> A fx/y it 
suffices to show 

H q {X, S k Afx/ Y <S>Af X / Y ) = 0 for k > 0 and q < 2n — r. 
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If k = 0 this is just Le Potier’s theorem. We proceed by induction on k. 
Take symmetric powers of the conormal seqence 


0 -*• N* x/y -*• Hy |X -»• 0 

to get 


0 -► S k Mx/y -»• S k ~ X N^ /Y ® fiy |X -4 ... 

-*■ n£|x -*■ 

Tensoring this with X’x/y gi yes 


0 - S k N* x/ y®M* x/ Y -*E 1 ^>...-*E k 

-*• ® A^/y - 

where 

= S^N'x/y ® 0 ^|X ® A/^ /y 

for 1 < z < A:. 

It suffices to prove 


= H q -\X,Ei) = 0 

for 1 < z < A: 


and q < 2 n — r, because then by lemma [j] 

H q (X, S k M* x/ y ® Nx/y) = n k x <g> Afyy) 

and we are reduced to Le Potier’s theorem. 

So fix an integer 1 < z < k. We may assume i < r since otherwise 
Ei = 0 and we are done. By tensoring Ishida’s complex of degree i with 
S k ~ l J\fy^ Y <x) M X / y we obtain 

0 -»• Ei -*■ KP{Y ; *) ® S fe -W* /F ® A^ /y . 

^ 1C{Y- i) <g> S k -W^ /Y ® J^x/y “*• °- 

IfO<zx<i — 1 and X fl V((t) / 0 for a € A(z/), then A/jjA y |X D V’(cr) = 
X' X nv((T)/v(rr) as mentioned above, and one has 

n V(a),S k l Nxn V {<T)/v(a) v(<x)/v(oj) = 0 

for g < 2n — r — ^ by induction on Hence 

9 (X, /C^T; z) ® S^M^/y <g> A^/y) = 0 
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for 0 < v < i — 1 and q < 2n — r — u. This implies by lemma [T] 

H q (X, Ei) = H q ~\X , V(Y- i ) ® S k ~W^ /Y 0 Nx/y) 

for g < 2 n — r. Again by induction on k this vanishes as we have q — i 
2 n — r — i. 


As in [SZ] we will compare the cohomology groups H k (Y , C) and H k (X, C) 
using Hodge decomposition and factoring the natural map via 


W{Y, Q J y ) -*■ iF(A,fi^|A) -> H\x,n j x ). 


Proposition 5 Let A C Y" be as above. The natural map 

lP(X,Q{r\X) -► IP(X,^ X ) 

is surjective if i + j <2 n — r and injective if i + j < 2n — r + 1. 

Proof. Consider the j-th symmetric power of the conormal sequence 

o s*M * x/y A/£ /y (8> vl{~ 1 \x q(.|a -> — o 

\ / 

m; 

S \ 

o o 

and cut it into two pieces. We have to prove H l (M*) = 0 for i + j < 
2n — r + 1. Look at Ishida’s complex of degree v tensored with S’~ v Jf x / Y 
for 1 < v < j — 1. 

0 -► H^|A ® S’- v M* x/y -*• KP(Y ; i/) 8) S q ~ v M* x/Y ^ ... 

K7{Y\ v) ® S’~ v M* x/y -► 0. 

As in the proof of theorem [| we use the isomorphism A/T/y | A n P((t) = 
A/^n v(a)/v(a) f° r ^ A(//) if A n V(a) / 0. We obtain 

H q { A, K7(Y; i/) 0 S j - V M* X/Y ) = 0 for g < 2n - r - y. 
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VI □ 



and 0 < g, < n — 1 by theorem [|. By the same theorem and by lemma |l] we 
have 

H q {W Y \X ® S j ~ v N* x/Y ) = H q - V (X,K, V (Y ; i/) <g> S j ~ v M* x/Y ) = 0 

if q < 2n — r. Now we apply this and lemma |l] to the long exact sequence 
containing M* above. We get 

H i+j ~\X,S j ^ /Y ) = H\X,M*) 

for i + j — 1 < 2n — r. Since the left hand side vanishes by theorem |4|, we 
finally obtain H l (X. M* ) = 0 for i + j < 2n — r + 1 as desired. □ 

Before we can proceed we need to show the following general fact. 

Proposition 6 Let Z be a smooth projective variety and let W C Z be a 
submanifold with ample normal bundle Afw/z- Let D\,. .., D s be hypersur¬ 
faces on Z such that D. t Pi W = 0 for all i = 1,..., s. Assume that there are 

S 

integers a\,...,a s £ 7L such that ^ aiDi is linearly equivalent to 0. Then 

1=1 

ai = 0 for all i = 1 ,..., s. 

Proof. Assume that the claim does not hold. We denote by Dq the 
effective divisor 'Yf aiDi where the sum runs over all a* > 0, and by D oo the 
effective divisor Y \ a i\Di where a* < 0. Since by assumption Dq — D 00 is 
linearly equivalent to 0, there exists a global meromorphic function g on Z, 
such that 

(g) = D 0 - Ax>- 

Since g has neither poles nor zeroes when restricted to W, its restriction has 
to be equal to a constant c, say. Hence the function g — c vanishes on W. 
and it is defined near W. Since it is not identically 0, there is some integer k 
such that g — c belongs to lij v but g — c does not belong to where Zw 

denotes the ideal sheaf of XV in Z. Hence g — c provides a non-zero section 
of Zijy/Z^f 1 = S k Uf v / Z i which contradicts the ampleness of Afw/z- n 

Corollary 7 Let X C Y be as before. Let s be the number of a £ A(l) 
such that V(a) D X = 0. Then there is a short exact sequence 

o -»• n\r\x -»• 0 o x (-v(a) ni)-> o^ l) ~ r ~ s -► o. 

ctSA(1) 

V(o-)nx^0 
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Proof. By [BC| there is an exact generalized Euler sequence 

© Oy{-V(a)) -f OJ- (1)_r ^0. 

<j£A(1) 

By construction the second map factors as 


5(1)—r 

© 0 Y (-V(a)) - 0 Or - 0 Oy 

crGA(l) ctGA(1) i= 1 

where the first map is injective, and the second map is obtained from the 
standard exact sequence 

0 —s- M —>■ © ZV(a) —>■ Pic (Y) —> 0 

o-eA(i) 


by tensoring with Oy■ Here ®Zy(u) denotes the free group generated by 
the boundary divisors V(a), and we use Pic (Y) = . Now proposition 

|] implies that the map 

0 ZV{a)^ Pic(y) 

164(1) 

y(a-)nx=0 


is injective. This remains true when we tensor with Ox- Hence the gereral- 
ized Euler sequence restricted to X splits off s copies of Ox, one for each 
a £ A(l) with V(a) fl X = 0, and thus reduces to a short exact sequence 

o -*■ n ] Y \x -h. 0 o x (-v(a) ni)-i e>5J 1)_r_s o 

crgA(l) 

y(cr)nx^0 


as claimed. □ 

Using this observation, we can begin to determine Hodge numbers of 
X CY. 


Proposition 8 Let X CY be as above and connected. Then for the Hodge 
numbers of X holds 

h ifi (X) = h 04 \X) = 0 

for 1 < i < 2n — r. 
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Proof. Note that for i > 1 we have a natural inclusion 



as a direct summand. Tensoring the exact sequence of corollary ^ with 
£l l y 1 \X we get an injective map 


^ 0 n^\x ®o x (-v{a)nx) 


ct6A(1) 


V(a)rx^l 

Hence for each r £ A(l) there is a chain of injections 


H°(x,n\r\x®Ox(-v(r)nx)) -*• H°(x,n{-\x) -► 
■^H-°(X,H*7 1 |X(8.H^|X) -*• 0 H^X^lT^X ®O x (-V{a) fll)) 


crgA(l) 

V(a)nX^0 


If i = 1 then the sum of cohomology groups on the right hand side vanishes, 
and so does the whole chain. Inductively this shows 


H°(x,n l Y \x) = o 

for all i > 1. Because of proposition |] and Hodge symmetry the claim 


follows. 


□ 


Definition 9 Let 5(i) denote the number of elements in A(i). We write 
5x,a for the number of connected components of X n V(a) for a £ A. Put 



o-gA(i) 


Using this notation we can state our main theorem. 

Theorem 10 Let Y be a smooth projective toric variety of dimension r 
and let X be a n-dimensional, connected and A-transversal submanifold of 
Y with ample normal bundle. Then for i + j < 2n — r the following formula 
holds for the Hodge numbers of X. 



if i = j 
if i / j. 
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Proof. If i = j = 0 this is clear. If either i = 0 or j = 0 vanishing of the 
cohomology was proved in proposition H By proposition |] it is sufficient 
to determine the dimensions of H l (X,£ly\X) for i + j < 2n — r. Let us 
assume i > j first. Since proposition || implies H q (X, KX(Y\ j)\X) = 0 for 
1 < Q < 2n — r — vwe have by lemma [T] applied to Ishida’s complex of degree 
j and restricted to X 

H\X,n{ \X) 9* H i ~ j (X,X j {Y-j)\X) = 0. 

Because of proposition |5| and Hodge symmetry we have 

IP(X,^ Y \X) = H\X,n j x ) = H 3 {X,iY x ) “ H 3 (X,n\-\X) 

for i + j < 2n — r. Hence the proposition is true for i < j as well. 

It remains to look at the case i = j and j / 0. In particular we have 
then i < 2n f r . If i = 1 the claim follows from the short exact sequence 

0 -► Q\r\X -4 KP{Y ; 1)|X -> K}{Y- 1)\X -4 0 

and proposition [8|. Otherwise consider Ishida’s complex of degree i > 2 cut 
into pieces. 

0 —^ C 1 ^0 
0-+C 1 —y X 1 (Y-,i) -4 £ 2 —>• 0 

0 -4 C 1 - 1 -4 K l ~ l {Y- i) -4 K}(Y- i) -> 0 

The L v for 1 < v < i —1 are inductively defined by this short exact sequences. 
We restrict them to X. Since H P (X, A Z U (Y ; i)\X) = 0 for 1 < < 2 n — r — u 

we have 

H q (X,n\r\X) 9* H«- 1 (X,£ 1 |X) ^ ... ^ H q ~ i+1 (X, C~ l \X) 

if 2 n — r > q > i. This vanishes if q ^ i as we have seen just before. In 
other words 

H q (X, C P \X) = 0 if 1 < p < i — 1, 1 < q <2n — r — p and p + q ^ i. 

If q = i we get 

IP(X,Q\r\X) = H i - 1 (X,j0 1 \X)^...^H 1 (X,£ i - 1 \X). 
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We obtain also an exact sequence 


0 -> H^XX^ 1 \X) -*• -»• 

-> R°(X,K?(F;i)|X) ^0 


as well as 

0 -*■ H°(X, £* _2 |X) -> LT°(X,/C?- 2 (F;i)|X) -► -► 0 


0-*tf°(X,£ 1 |X) fl^X./C^y^X) ^H°(X, £ 2 |X) —> 0 
0 —► H°(X, £l\r\X) ^ H 0 {X,K.°(Y-,i) |X) -^(X^jX) ^0 

By proposition | 8 | the last exact sequence simply says 

H°(X, K?(Y ; i)|X) =* ^(X^X). 

Taking everything together we get a long exact sequence 
0 -»• H°(X, K?(Y ; i)\X) -v ^(X^^FjOIX) -*• ... 

... -»• ^(X^^FjOIX) -^iT(X,^|X) ->0. 

So adding up all contributions finally gives 

tf(x,n* y |x) = Ei = o(-i) i -^°(^^(^F)l^) 

□ 


Remark 11 The vanishing statement of the theorem above can be proved 
without referring to the toric nature of Y. We only need to know that 
H' 1 (Y,Qy) = 0 f° r * 7 ^ ji and that the normal bundle of X in Y is ample. 
This fact, and the proof of the lemma below, were kindly pointed out to me 
by Claire Voisin. 

Let j \ X —r Y denote the inclusion. Then there is a commutative 
diagram 

H k {Y) _ - - ]jk+2r—2n(Y'j 

3 * 

3 J 

H k {X) - jjk+2r—2n (x) 


10 






where the horizontal maps are given by the cup-products with the co¬ 
homology class [X] G H 2r ~ 2n (Y) of X in Y, and the top Chern class 
C r -n ■= C r - n (J\f x /Y ) of the normal bundle of X, respectively. This implies 
that j* is injective if the cup-product map c r _ n U is injective. Since the map 
j* repects the Hodge decompositions on X and Y, and since H l (Y , Qy ) = 0 
for all (1 < i.j < r with i ^ j, the vanishing = 0 for i ^ j, and 

j <2 n — r follows immediately from the lemma below. 


Lemma 12 Let j : W —> Z be the inclusion of an n-dimensional sub¬ 
manifold W into an r-dimensional smooth projective variety Z, with ample 
normal bundle. Then the cup-product 

H k (W ) H k+2r ~ 2n (W) 

with the top Chern class c r - n := c r - n {J\f\y/z) of the normal bundle ofW in 
Z is injective for k <2n — r. 


Proof. Let Afw/z be the normal bundle of W in Z. By assumption, the 
tautological bundle 0^>^jy w/z ^{l) on the projective bundle n : P(A fw/z) X 
is ample. Hence we can apply the hard Lefschetz theorem to it. If h := 
c i(^P(A/V/z) ( 1 ))’ then we have that for i < dim(P(A fw/z)) — 1 = r — 2 the 
cup-product map 


H'in^w/z)) — H l + 2 {nAfw/z)) 
is injective. Furthermore we have a relation 

r—n 

o = £( — !)' n ' h l ■ IT* (c r -n-i(Afw/z)) 

i =0 

in the cohomology of ^(Afw/z)- Now let a G H k (X ) and assume c r _„Ua = 0. 
Lifting into the cohomology on P(A fw/z) gives the relation 

r—n 

ir*(c r -n u a) = ^(-l )^ 1 h l . it* (c r - n -i(J\f w / z ) U a) . 

i=l 

As mentioned above, if k < 2 n — r, then the cup-product with h is injective 
on H k+2r ~ 2n ~ 2 (P(A/jy / z)) by the Hard Lefschetz theorem. Therefore the 
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class YH=ii~ 1)* _1 h\ t ~ 1 . ir* (c r - n -i{N w /z) U a) is equal to 0 as well. But 
since the expression of a cohomology class on P(A fw/z) by powers of h in 
this form is unique, we conclude that 7r*(o;) = 0, and hence a = 0. □ 

Now let us return to the question of how the theorem of Barth-Lefschetz 
generalizes to smooth projective toric varieties. 


Definition 13 Let X C Y be A-transversal. We say that X has the prop¬ 
erty (BL) if 5x,a = 1 for all a £ A (t) with 2t < 2n — r and Sx,a > 1 if 
21 = 2n — r+l. For such an X in particular Sx{t ) = 5(t) for all 2t < 2n — r. 


Remark 14 Note that if Y = P r we can always assume that X C Y of 
dimension n has the property (BL). This is seen as follows. If G = PGL(r ) 
is the group of homogeneous transformations on P r then by Kleinman’s 
theorem for any V(a) there is a nonempty open subset U of G, such that 
every transformation of X by an element of U intersects V(a) transversally 
or not at all. Since there are only finitely many subvarieties V(a) in Y there 
exists a homogeneous transformation which moves X into A-transversal 
position. Now for a £ A (t) with 2 1 < 2n — r + 1 and X n V(a) ^ 0 
put V := V(a). Since codirriyF = t we have codiiriyX n V = r — n + t < r, 
hence Sx.a > 1- Let D\ and D 2 be two connected components of X n V. If 
2t <2n — r then dimDi + dimD 2 = 2{n — t) > r, so X D V is connected. 


Remark 15 It was conjectured by Hartshorne (jjj] that each smooth X C Y 
with ample normal bundle is connected if 2n — r > 0. This would imply 
that 5x,cr < 1 if <T £ A (t) with 2t < 2n — r. If X is a hypersurface this is 
always true. 


Theorem 16 Let Y be a smooth projective toric variety of dimension r and 
let X be a n-dimensional submanifold with ample normal bundle which is 
A-transversal. Then the natural map 

H k (Y, C ) -*■ H k (X, C) 

is surjective for k < 2n — r and injective for k < 2n — r + 1 if and only if X 
has the property (BL). 
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Proof. We use the Hodge decompositions of H k (Y,C ) and H k (X : C). 
Because of proposition |5] it suffices to prove the theorem for the second map 
of the factorization 

H‘(Y, Q J Y ) -*■ lP{X,My\X) -> H\X,PL j x ). 

By theorem 0 it is enough to consider the case i = j, since H l (Y, Dy) = 0 
if i 7 ^ j and H l (X. Qy X) = 0 if i / j and i + j < 2 n — r. Obviously 
H°(Y. Oy) = H°{X, Ox) = C if and only if <5x(0) = 1. If i > 1 we found in 
the proof of theorem |l0] a long exact sequence that computed H l (X, Hy |X). 
Using the restriction map from the analogous exact sequence for the toric 
variety Y to X we get a commutative diagram 

0^ H°(Y,JC°(Y-,i )) H°(Y, K}(Y ; i)) -4 H 1 {YAV y ) ^0 

&i, 0 1 1 Pi 

0^ H°{JC°{Y-i)\X) \X) -4 -4 0 

The property (BL) is equivalent to the property that the maps 

<x„,k : H°(Y,JC k (Y-,v)) ^ ^°(X, /C fc (T; i/)|X) 

are isomorphisms if 0 < k < 2n f r and injective if k = 2n ~f+ 1 . Note that 
Qy/j is injective or an isomorphism for some value of v if and only if it is for 
all possible values of u. Using this, the theorem follows by an easy induction 
on i. □ 


Remark 17 (i) Consider the special case Y = PC For any submanifold 
X C Y the normal bundle is ample. So by what we said in remark 14 this 
theorem implies the usual Barth-Lefschetz theorem for projective space. 
(ii) Because of Kleinman’s theorem for homogeneous spaces this result is 
true for a submanifold X C Y with ample normal bundle without any 
condition on A-transversality if Y is equal to a product of projective spaces. 
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